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movements in general.
Of all movements, eye movements are the most appealing ones:

e only three pairs of muscles control the movement
e eye has a negligible inertia
e only three degrees of freedom

® As a clinical utility.

To aid diagnoses, clarify treatment possibilities, explanations to eye
disorders (e.g. squint)

e In robotics
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e Study of eye movements has been a topic of interest for a long time

sing g and Helmholtz in 1800’s.
e D. / le mechanical model for planer
eye
e Tho ghly looked at,
thre 1t.
e Cor g’s law” for eye movements as
wel eas.
Knapp’s 1861 ball and string opthalmotrop: An early mechanical
o L ac model reflecting only extraocular geometry, ignoring contractile 0O dels eXiSt EX. Orbit© .)
and elastic properties and coordination of inputs / )
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Anatomy of the Eye
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® Saccades: are the fastest eye movements (velocities: 30 ~ 700" /s and lasting for
about 40ms). Aim is to precisely redirect the gaze to the target to have a
stabilized image on the retina (diameter of about a degree). Ex: reading, a
sudden eccentric sound. Happens under open-loop control.
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® Saccades: are the fastest eye movements (velocities: 30 ~ 700" /s and lasting for
about 40ms). Aim is to precisely redirect the gaze to the target to have a

stabilized image on the retina (diameter of about a degree). Ex: reading, a
sudden eccentric sound. Happens under open-loop control.

® Smooth pursuits: are the following eye movements evoked by a slow
movement of a fixated target. Velocities: up to 50"/s. Retinal error velocity is
the input.

® Vestibular Ocular Reflex (VOR): compensates for the movement of the head
ensuring a clear image of the target on retina.

® Vergence movements: are the ones where the target moves along the gaze axis
toward or away from the eye. The eye, which has the target moves along the

gaze axis, remains stationary.
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Planer Eye Movements
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® To simplify experiments and analysis.

® Study of planer eye movements has led to a remarkable understanding of
one-dimensional movements, from the muscle mechanics to the underlying
neural control system.

® A detailed biomechanical model was proposed by Martin & Schovanec (1997),
(M-S model) and studied saccadic eye movements. Sugathadasa et al.(2000)
further investigated smooth-pursuit tracking problem.
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® To simplify experiments and analysis.

® Study of planer eye movements has led to a remarkable understanding of
one-dimensional movements, from the muscle mechanics to the underlying
neural control system.

® A detailed biomechanical model was proposed by Martin & Schovanec (1997),
(M-S model) and studied saccadic eye movements. Sugathadasa et al.(2000)
further investigated smooth-pursuit tracking problem.

® Polpitiya & Ghosh (2002) proposed “Learning Curves” for open-loop saccadic
movement control using the M-S model.
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M-S Model

T
The equation of motion for the eye globe can be written as:
J6 + B0 + K,0 =F, — F,,

where |, B, and K¢ denote the globe inertia, globe viscosity, and globe elasticity.

JG
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CBCIS =bp. 11/4



M-S Model

S

The equation of motion for the eye globe can be written as:
Jo6 + BoO + K0 = F;, — F,,

where |, B, and K¢ denote the globe inertia, globe viscosity, and globe elasticity.

JG

J¢, Bg, K, are obtained as [, = S8Or (L8077

with r denoting the radius of the eye globe.

Model can be written in the form x* = f(x) + g1(x)u; + g2(x)u, where u; and u, are

the neural inputs, let the state vector be xT(t) = [0, 0, L1, Lu1, L2, lm2, Ft, , Ft,, a1, 2]

CBCIS =bp. 11/4



S

M-S Model

The equation of motion for the eye globe can be written as:

J6 + B0 + K,0 =F, — F,,

where |, B, and K¢ denote the globe inertia, globe viscosity, and globe elasticity.
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with r denoting the radius of the eye globe.

Model can be written in the form x* = f(x) + g1(x)u; + g2(x)u, where u; and u, are

the neural inputs, let the state vector be xT(t) = [0, 0, L1, Lu1, L2, lm2, Ft, , Ft,, a1, 2]
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Figure 1: Neuronal inputs and the resulting activation signals to
(10° saccade)
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and antagonist
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Figure 2: Simulation of 10° Saccade and the corresponding forces in the tendons
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Figure 3: ”Learning Curves” :Cubic Hermite interpolant splines developed from horizontal saccadic eye movements originating from

the primary position. The bottom two figures demonstrate how the “T” value changes with the initial gaze position.

CBCIS = p. 13/4



Learning Curves

S

Agonist and Antagonist Rest Activations Full Activation Time From Zero Degrees
1 ‘ ‘ ‘ 0.12 ‘ ‘ ‘
0.8 0.1
o o : w 0.08
T': depends on the initial gaze direction and the ampli- § 2
tude of the saccade g 0.06
a,b : depend on the steady state gaze direction. E 004}
(a1,b1,Tq) for saccades originating from any gaze di- 0.0zl
rection can be obtained as
m L L L
0 10 20 30
(a1,07) = (ag, bp) Final Position, degrees
es Full Activation Time, Movement Toward Zero Degrees
T = Toll+f1(6:)g1(A0)]
0.04|
e ey oy 1
0; and AQ are the initial gaze position and saccade
amplitude respectively and Ty corresponds to the T 8 003
. . . . Q
value for a equal amplitude saccade originating from S ]
: e . ? 0.02{
the primary position. f1(0;) and g1(AO) are scaling P
factors. 0.014
A2 o = * 0 o) )
0 10 20 30 0 10 20 30
Final Position, degrees Final Position, degrees

Figure 4. ”Learning Curves” :Cubic Hermite interpolant splines developed from horizontal saccadic eye movements originating from

the primary position. The bottom two figures demonstrate how the “T” value changes with the initial gaze position.
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Geometry of Eye Movements
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® SO(3), the space of 3 X 3 rotation matrices, is the obvious choice for the
configuration space.

SO@B) = {R:R’ > R’| (Rx,Ry)ps = (X, y)gs, detR =1}
[R:R® - R°|RR" =1d, detR =1}

CBCIS = p. 15/4



Geometry of Eye Movements

T
3

® SO(3), the space of 3 X 3 rotation matrices, is the obvious choice for the
configuration space.

e If only the gaze direction is important, each direction corresponds to a circle of
rotation matrices.

CBCIS = p. 15/4



Geometry of Eye Movements

T
3

® SO(3), the space of 3 X 3 rotation matrices, is the obvious choice for the
configuration space.

e If only the gaze direction is important, each direction corresponds to a circle of
rotation matrices.

® This ambiguity can precisely be resolved according to the observations by
Dondors, Listing and Helmholtz in 1800’s. Better known as Listing’s Law:

CBCIS = p. 15/4



Geometry of Eye Movements

S

® SO(3), the space of 3 X 3 rotation matrices, is the obvious choice for the
configuration space.

e If only the gaze direction is important, each direction corresponds to a circle of
rotation matrices.

® This ambiguity can precisely be resolved according to the observations by
Dondors, Listing and Helmholtz in 1800’s. Better known as Listing’s Law:

“.. . all rotation matrices employed have their axes of rotations orthogonal to
the standard (or frontal) gaze direction”

CBCIS = p. 15/4



Geometry of Eye Movements

T
3

® SO(3), the space of 3 X 3 rotation matrices, is the obvious choice for the
configuration space.

e If only the gaze direction is important, each direction corresponds to a circle of
rotation matrices.

® This ambiguity can precisely be resolved according to the observations by
Dondors, Listing and Helmholtz in 1800’s. Better known as Listing’s Law:

Listing® Pl “.. . all rotation matrices employed have their axes of rotations orthogonal to
the standard (or frontal) gaze direction”

CBCIS = p. 15/4



Geometry of Eye Movements
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® SO(3), the space of 3 X 3 rotation matrices, is the obvious choice for the
configuration space.

e If only the gaze direction is important, each direction corresponds to a circle of
rotation matrices.

® This ambiguity can precisely be resolved according to the observations by
Dondors, Listing and Helmholtz in 1800’s. Better known as Listing’s Law:

Listing® Pl “.. . all rotation matrices employed have their axes of rotations orthogonal to
the standard (or frontal) gaze direction”

Eye as a mechanical system with holonomic constraints.
Configuration space becomes a two dimensional submani-
fold of SO(3).

= “Listing Space (List)”
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Quaternions to represent rotations

T
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® Space of quaternions are denoted by Q.

. e I
®g € Qcanbe writtenasap1l +a11 +a,j +ask.

-
evec(a) =a;i +a,j +azk

® scal(n) = ao_l)
® The vectora; i +a,j +ask will be identified with (a;,a,,43) € R® without any
explicit mention of it.
® Quaternion product: p.g = pogo —p-q + pPoq + q0p + P X q-
Thus we have maps,
vec: Q — IR3, a > (ai,ay,as),

and

scal: Q > R, am— ay.
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Quaternions to represent rotations

S

Each g € S° (space of unit quaternions) can be written as
g =cos(a/2)1 +sin(a/2)ny i +sin(a/2)ny j + sin(a/2)nsz k

where, a € [0, 7] and (111, 12, 113) is a unit vector in IR3.

Define
rot : S° — SO(3)

as the standard map from S° into SO(3) which maps

H
cos(a/ 2)_1) + sin(a/ 2)n1_i) + sin(a/ Z)nz_j) + sin(a/2)nsz k to a rotation around the axis
n by a counterclockwise angle a.
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Quaternions to represent rotations

T
3

There are two explicit ways of describing this map. First,

- S
rot(q)(vi, va,v3) = vec(q.(vii +vaj +v3k).q).
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There are two explicit ways of describing this map. First,

Second,

rot(q) =

- S
rot(q)(vi, va,v3) = vec(q.(vii +vaj +v3k).q).

P

2(q192 + q093)

2(‘11113 - 5]0512)

2(%0]2 — 0]00]3)
9o+~ — 95

2(9293 + q01)

2(q193 + q092)
Z(qz% - 6]06]1)

G+ a5—91— 9

€ SO(3).
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e Planer eye movements v/

e Three-dimensional eye movements : Geometry

® Local coordinates on List.

® Riemannian metric on List.

® [ evi-Civita connection on List.
® Geodesics on List.

® Curvature on List.
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Let x3 axis is aligned with the normal gaze direction,
then Listing’s law amounts to a statement that all eye rotations have quaternion

representations g € S°> withgs =0 .

List is diffeomorphic to IP? (antipodal points identified).
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| ocal coordinates on List

S

Let x3 axis is aligned with the normal gaze direction,

then Listing’s law amounts to a statement that all eye rotations have quaternion
A

representations g € S°> withgs =0 .

List is diffeomorphic to IP? (antipodal points identified).

) :

Axis angle local coordinate system on List:
(0, ¢) describe the polar coordinate angle of the axis of rotation

in the (x1,x;) plane and the angle of rotation around the axis
respectively. Here we take (0, ¢) € [0, ] X [0, 27].

(Note: this fails when ¢ = 0 or ¢ = 27 since in both cases the the corresponding rotation is identity
regardless of the value of 0)
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Riemannian metric on List
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Let’s calculate the Riemannian metric on List induced from SO(3).

SOB) = {R:R®—>TR’| (Rx,Ry)ps = (x,y)ps, detR =1}
= {R:R’—> R’|RR!' =1d, detR = 1}
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Riemannian metric on List

S

Let’s calculate the Riemannian metric on List induced from SO(3).

= [R:R® > R®|RR! =1d, detR = 1)

SOB) = {R:R®—>TR’| (Rx,Ry)ps = (x,y)ps, detR =1}

The body angular velocity is defined as
Q(t) = RT(H)R(®).

Q(t) is a skew-symmetric matrix.
Since

R(t) =RMOQ(H), Q' (t) =-Q(),

the tangent space
TrRSOB)={RQ | QT =-Q}, R eSO®M).

Then the tangent space to SO(3) at the identity:

TiaSOB) ={Q:R®> - R} | QT = -Q} = 50(3) .

Note that the space s0(3) is the Lie algebra of the Lie group SO(3).
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Riemannian metric on List, (cont'd.)

T
3

Assuming that the eye as a perfect sphere, and its moment of inertia as I3x3, the left invariant
Riemannian metric on SO(3) given by,

(Qe), Q) = 6i
where,

0 O3k  —Onk |
Q(ek) = —53,]( 0 (51,]{ ’
ok —O1k 0

and {0; ,,} denotes the Kronecker delta function.
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Riemannian metric on List, (cont'd.)

T
S5
Now i, j, k is an orthonormal basis of T2 S3, and recall that rot : S> — SO(3), then
i cos(t/2) — ([ cos(t/2) I — cos(t/2) I
rot sin(t/2) = elQ€)  pot 0 = el(®)  pot 0 = lQ(e3)
0 sin(t/2) 0
0 0 | sin(t/2) |
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Riemannian metric on List, (cont'd.)

T
S5
— —
Now i, j, k is an orthonormal basis of T2 S3, and recall that rot : S> — SO(3), then
(T ] ([ I [ I
cos(t/2) cos(t/2) cos(t/2)
rot sin(t/2) = elQ€)  pot 0 = el(®)  pot 0 = lQ(e3)
0 sin(t/2) 0
0 0 | sin(t/2) |
Notice that,
F cos(t/2) 1 [ 0 |
. <’
di sin(t/2) _ % 1 _ %’ di D) = Q(ey).
Hlizo 0 0 Hizo
0 0
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Riemannian metric on List, (cont'd.)

S

- - >
Now i, j, k is an orthonormal basis of T2 S3, and recall that rot : S> — SO(3), then
(T ] ([ I [ I
cos(t/2) cos(t/2) cos(t/2)
rot sin(t/2) = elQ€)  pot 0 = el(®)  pot 0 = lQ(e3)
0 sin(t/2) 0
0 1) i 0 | | sin(t/2) |
8 ™ . s003
t*
T;S° —=— Trot(q)SO3)
Therefore,

rot=(1/2)=Qr), rot=(j/2)=Qe),  rot=(k/2) = Qles).

H
Hence {rot*—f_i) /2, rot*—f_j) /2, rot - k /2} is an orthonormal frame in T4(SO(3)) .
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Riemannian metric on List, (cont'd.)

T
3

rot

S3 SO(3)

l l

rot.

TqS3 —— Trot(9)SO3)
— — — ) )
Thus, {rot.q i /2, rot.qj /2,rot.qk/2} is an orthonormal basis of Tyoy)SO(3) for all g € Ss,

— — —
and {g.i/2,9.j/2,9.k/2} is an orthonormal basis of T,5°.

CBCIS = p. 24/4



Riemannian metric on List, (cont'd.)

ﬁ
8 ™ . 35003
| |

rot.

TqS3 —— Trot(9)SO3)
— — — ) )
Thus, {rot.q i /2, rot.qj /2,rot.qk/2} is an orthonormal basis of Tyoy)SO(3) for all g € Ss,

— — —
and {g.i/2,9.j/2,9.k/2} is an orthonormal basis of T,5°.
The Riemannian metric on List has the form

n
g= dSz = Z gi]-dxidxj
ij=1
where

) 9
)

81 = (35 g ) )= 0.0)
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Riemannian metric on List, (cont'd.)

T
3

Let p : [0, ] X [0,27] — S3,

List —2 - &2
cos(¢/2)
iy < | O | |
’ sin(6)sin(/2) Tomlist —2— Ty0,05°
0
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Riemannian metric on List, (cont'd.)

L=

'L!_I'
STE2

Let p : [0, ] X [0,27] — S3,

List —— S3
cos(/2)
cos(0)sin(¢p/2) l l
p(@, (P) - . . : . P
Sli’l(@)SlTl(qf)/Z) T(qub)LlSt E— Tp(@,@ 53
0
Then the Jacobian

1009 = poin(F) P )=

0
—sin(0)sin(¢p/2)
cos(0)sin(¢p/2)
0

~35in(¢/2)
%cos(@)cos(q)/z)
1sin(0)cos(/2)
0
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Riemannian metric on List, (cont'd.)

k% |
I[_!Jl

SX 32

Let p : [0, 7] X [0,27t] — S5,

p(0, ) =

Then the Jacobian

Also notice that

Y
1=

p(6,¢)

cos(¢/2)

cos(0)sin(¢p/2)

sin(0)sin(¢p/2)
0

| —sin(0)sin(phi/2) |

d(p)(0, ) = (P*(e,@(%) P*(Qﬂ‘))(%)) )

—cos(0)sin(¢p/2)

cos(¢p/2)
0

7

p(0,8).7 =

0 0
[ —sin(O)sin(¢/2) | [ 0
0 , (0, ¢).T<> _ sin(@)si7(¢/2)
cos(¢p/2) —cos(0)sin(¢p/2)
cos(O)sin(¢p/2) | i cos(¢p/2)

List —_— S3

l l

T(Q,qb)LiSt —)p* T p(0,0) 53

0 — 3 sin(/2)
—sin(0)sin(¢p/2) % cos(0)cos(p/2)
cos(O)sin(p/2)  Ssin(O)cos(/2)
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Riemannian metric on List, (cont'd.)

T
3

For 0 = 0, it is easily observed that,
d . = ) =
pop)5g) = sin(¢/2)cos(@/2)p(0, ). j —sin®(¢/2)p(0, §). K,

0 1 —
P*(O,qb)(%) = 5p0,9).i.
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Riemannian metric on List, (cont'd.)

T
3

For 0 = 0, it is easily observed that,

p0o(a) = sin(p/2)cos/2p(0,9).] — sinX(/2)p(0, ¢) K,

J 1 —
P*(o,cp)(%) = EP(O,QD).I.
Therefore
B Jd d\ . .,
g1 = <%, %> = 4sin“(¢p/2),
R ERTA
ng - 86’ a(P - Yy
RN ERTAR
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Riemannian metric on List, (cont'd.)

T
3

For 0 = 0, it is easily observed that,

P*(O,qb)(%) = sin(¢/2)cos(@/2)p(0, ). — sin*($/2)p(0, q;),T(),
0 1 —
P*(o,q;)(%) = 5p0,9).i.

Therefore

811 = <
812 = <
8» = <

Thus, the Riemannian metric on List

g = 4sin*(¢p/2)d0? + d¢p?. I

> = 4sin’*(/2),

v
Il

0,

_%J:|QJ %')DJQJ &3|QJ
FINEVIEYN

v
I
p—
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L=

| evi-Civita connection on List

SX 32

Riemannian connection, V : X(M) X X(M) — X(M) of a Riemannian manifold M, is uniquely
defined by the Koszul formula
NVxY,Z) = ZxY,2)+ (X 2Z)- 22X Y)
_<X/ [Y/ Z]> - <Y/ [X/ Z]> + <Z/ [X/ Y])

A Riemannian connection V has the following properties:

Vixegy = fVx +8Vy,
Vx(LZY +bZ) = aVxY + bVXZ,
VXfY = LxfY + fVxY,
for X,Y,Z € X(M), f,g € (M) and a,b € R.

VxY -VyX =[XY],
ZLx(Y,Z) =(VxY, Z) + (Y, VxZ)
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| evi-Civita connection on List

T
3

Riemannian connection, V : X(M) X X(M) — X(M) of a Riemannian manifold M, is uniquely
defined by the Koszul formula
NVxY,Z) = ZxY,2)+ (X 2Z)- 22X Y)
_<X/ [Y/ Z]> - <Y/ [X/ Z]> + <Z/ [X/ Y])

A Riemannian connection V has the following properties:

Vixegy = fVx +8Vy,
Vx(aY +bZ) = aVxY + bVXZ,
VXY = LxfY + fVxY,
for X,Y,Z € X(M), f,g € (M) and a,b € R.

VxY -VyX =[XY],
ZLx(Y,Z) =(VxY, Z) + (Y, VxZ)

Using the subscripted coordinates (y1, y2) to denote (0, ¢) and Christoffel symbols Fi.‘].

_ 1k

Christoffel symbols are given by

i g" {agh] ISk 98]’k} P k=12
ayk y] &yh 7 )r ’
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Levi-Civita connection on List (cont’'d.)

TT
T3
Now
4sin®(¢p/2) 0
(i) = gu Q2| _[4sin*(¢/2)  (lower g-if's)
921 §» 0 1
and,

y 11 12 —1 0
(8) = [821 gzz) . (48m2(¢/2) ] (upper g-ij’s)
8 8 0 1
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Levi-Civita connection on List (cont’'d.)

i
Ty
Now
g1 812 4sin®(¢/2) 0 .,
(8ij) = = , (lower g-ij’s)
91 8§22 0 1
and,

} 1 12 — 0
(gl]) = (ng gzz) — (481n2(¢/2) 1] . (upper g_i]'/S)

§ 8 0

Thus, we obtain expressions for Christoffel symbols,

L =0, %, = —sin(¢),
L - 1 L - 1
12 2tan(¢/2)’ 21 2tan(¢p/2)’
2 _ 2 _
I, =0, 15, =0,
1 _ 2 _
rl, =0, r2, =0.
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Geodesics on List

T
3

A geodesic is a curve whose length is the shortest distance between two points. Christoffel
symbols can be used to compute geodesics. Let o(t) = (O(t), ¢(t)) be a geodesic on List. Then

Vswmo(t) =0,

where

_ .d .0
G(t):(e&G_HP&qb)
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Geodesics on List

T
3

A geodesic is a curve whose length is the shortest distance between two points. Christoffel
symbols can be used to compute geodesics. Let o(t) = (O(t), ¢(t)) be a geodesic on List. Then

Vswmo(t) =0,

where
. 0 . 0
G(t):(e(?@ +q§8¢)
Now,
o L9 .0
V(;(t)(f(t) = V(9%+(‘b%)(6% +(P%)

Now use the property: Vexyoy = fVx + ¢Vy
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Geodesics on List

T
3

A geodesic is a curve whose length is the shortest distance between two points. Christoffel
symbols can be used to compute geodesics. Let o(t) = (O(t), ¢(t)) be a geodesic on List. Then

Vswmo(t) =0,

where
6(t)=(9;6+q5;¢)
Now,
vm(t)=(e‘v e )(i+¢i)
o) % 2 1\"96 T Yoo

Now use the property: Vx(aY +bZ) =aVxY + bVxZ
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Geodesics on List

T
3

A geodesic is a curve whose length is the shortest distance between two points. Christoffel
symbols can be used to compute geodesics. Let o(t) = (O(t), ¢(t)) be a geodesic on List. Then

Vswmo(t) =0,

where
o(t) = (9&&6 +q5;¢)
Now,
Vé—(t)é(t): QV(; (6%)+9Va (¢88(P)+¢Va ( &86)+¢V%(¢%)

Now use the property: VxfY = ZxfY + fVxY
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Geodesics on List

T
3

A geodesic is a curve whose length is the shortest distance between two points. Christoffel
symbols can be used to compute geodesics. Let o(t) = (O(t), ¢(t)) be a geodesic on List. Then

Vswmo(t) =0,

where
. 3 . 0 . 0
G(t)_(686+¢8¢)
Now,
.d . 0 . 0 o 0 0 : 0
V(; .t: —_— _— 2 _ _— R —— 2 =
(t)G() 689+¢a¢+6V%89+6¢(V%3¢+V%86)+¢V%3¢ 0
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Geodesics on List

T
3

A geodesic is a curve whose length is the shortest distance between two points. Christoffel
symbols can be used to compute geodesics. Let o(t) = (O(t), ¢(t)) be a geodesic on List. Then

Vswmo(t) =0,

where
. 0 J
a(t) (686+¢8¢)
Now,
J 5 J . J d\ e I
Vi o(t) 9 +¢ ¢+6 Va5 +e¢(v%a¢+v%%)+¢v%% 0

where (y1, y2) = (0, ¢)
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Geodesics on List

T
3

A geodesic is a curve whose length is the shortest distance between two points. Christoffel
symbols can be used to compute geodesics. Let o(t) = (O(t), ¢(t)) be a geodesic on List. Then

Vewo(t) =0,

where
(.9 .9
o(t)—(686+q58¢)
Now,

J .. 0 d : 0
otQ 962V, 24 00|V 2 |4V, 2 |+d?v, 2 =0
(o) + 9 qb+ 39986+ qﬁ[ %3¢ * 8(21536} i %8(/5

0 J 1 J
E— k =
V% o kglnru&yk 2tan(¢/2) 90

where (y1, y2) = (0, ¢)
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Geodesics on List

T
3

A geodesic is a curve whose length is the shortest distance between two points. Christoffel
symbols can be used to compute geodesics. Let o(t) = (O(t), ¢(t)) be a geodesic on List. Then

Vg(t)G(t) = O/

where
o ad D
o(t) = (Qa@ “P&qb)
Now,
9 .. 0 Jd ; J
0 t A 2 0 ob 90 2 ap
Vsno(t) 9 + ¢ ¢+6V§9@&9+9¢(V%a¢+ V%aa ]+¢V%8qb 0

19
a¢@ ZF21 Jye  2tan(¢/2) 90

where (y1, y2) = (0, ¢)
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Geodesics on List

L=

I[_,Jl
STE2

A geodesic is a curve whose length is the shortest distance between two points. Christoffel
symbols can be used to compute geodesics. Let o(t) = (O(t), ¢(t)) be a geodesic on List. Then

Vswmo(t) =0,

where
N P N
5(t) = (Qa@ +<P&¢)
Now,
o .. 0 J
o t Ich ’ 20 I 90
V(o () 9 +o ¢+‘9ng aawqb(v%agfvﬁa@
a<¢> 3¢ Z‘rzz Wi
where (y1,12) = (0, )
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Geodesics on List

A geodesic is a curve whose length is the shortest distance between two points. Christoffel
symbols can be used to compute geodesics. Let o(t) = (O(t), ¢(t)) be a geodesic on List. Then

Vswmo(t) =0,

where
. 3 . 0 . 0
G(t)_(686+¢8¢)
Now,
.d . 0 : 0 o 0 0 : 0
V(; .t: _— —_ 2 _ _— R —— 2 =
(t)O() @86+¢&¢+6V%&6+6¢(V%8¢+V%86)+¢V%&¢ 0

Therefore, the equations of geodesics
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Geodesics on List

T
3

Geodesics emanating from (1t/4, 7t/4)

K

Listing Geodesics

N

—ITC/Z
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Curvature on List

T
3

The curvature R of a Riemannian manifold (M, g) is a correspondence that associates to every
pair X, Y € X(M) a mapping R(X, Y) : X(M) — X(M) given by

R(X,Y)Z = VyVxZ - VxVyZ + Vixy1Z, Z € X(M),

where V is the Levi-Civita connection of M.

CBCIS = . 31/4



Curvature on List

T
3

The curvature R of a Riemannian manifold (M, g) is a correspondence that associates to every
pair X, Y € X(M) a mapping R(X, Y) : X(M) — X(M) given by

RX, Y)Z = VyVxZ —=VxVyZ +Vixy1Z, Z € X(M),
where V is the Levi-Civita connection of M.
From the Christoffel symbols for the basis {dy, 8¢}, R,

d

92(89,8¢)89 = V36V0“»¢89 — V3¢V3989, since [3@,3¢] =0, (Note: dg = 50
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Curvature on List

The curvature R of a Riemannian manifold (M, g) is a correspondence that associates to every
pair X, Y € X(M) a mapping R(X, Y) : X(M) — X(M) given by

RX, Y)Z = VyVxZ —=VxVyZ +Vixy1Z, Z € X(M),
where V is the Levi-Civita connection of M.
From the Christoffel symbols for the basis {dy, 8¢}, R,

fR(ag,aq;)ag = V36V0‘»¢89 — V3¢V5989, since [3@,3¢] =0, (Note: dg = % .

This evaluates to,

R(dg,dp)dg = —cos(¢p/2)dg

R@9,99)09 = ~3o.
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Curvature on List

The curvature R of a Riemannian manifold (M, g) is a correspondence that associates to every
pair X, Y € X(M) a mapping R(X, Y) : X(M) — X(M) given by

R(X,Y)Z = VyVxZ - VxVyZ + Vixy1Z, Z € X(M),

where V is the Levi-Civita connection of M.

From the Christoffel symbols for the basis {dy, 8¢}, R,

: d
fR(ag,aq;)ag = V36V3¢89 — V3¢V598@, since [3@,3¢] =0, (Note: dg = 50
This evaluates to, Rp, aqb) do = —cos(d/2)%
1
R0, 9905 = 7%

In particular, the Gauss curvature is given by,

K©,¢) = <93(99,3¢)9¢,96>/<99,39>
= 1/4
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Outline of the talk

e Anatomy of the eye v/

e Planer eye movements v/

e Three-dimensional eye movements : Geometry v/
e Eye as a simple mechanical control system

e Optimal control of the eye

e Conclusions and future directions
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Eye as a simple mechanical control system

S

A Usimple mechanical control systemU (see Smale, 1970) consists the
following:

e a configuration manifold Q,

e Riemannian metric g on Q that defines the kinetic energy function on
the tangent bundle of Q,

e external forces as functions on the tangent bundle,
e any constraints on the system,

e control forces on the system as covector fields on the configuration
manifold.
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Eye as a simple mechanical control system

S

A Usimple mechanical control systemU (see Smale, 1970) consists the
following:

e a configuration manifold Q,

e Riemannian metric g on Q that defines the kinetic energy function on
the tangent bundle of Q,

e external forces as functions on the tangent bundle,
e any constraints on the system,

e control forces on the system as covector fields on the configuration
manifold.

For the eye movement system, List I is the configuration manifold.

¢ = 4sin®*(¢p/2)d6? + d?*. I is the Riemannian metric on List.
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Equations of motion

T
3

Let the Lagrangian of the system be

L(6, ¢, 6, ¢) = Kinetic Energy — Potential Energy

- %Héaae +‘i)a&¢H2 - V(0. 9)

1/.0 . 0
= §<9%,¢%>—V(G,¢)
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Equations of motion

T
3

Let the Lagrangian of the system be

L(6, ¢, 6, ¢) = Kinetic Energy — Potential Energy

- %Héaae +‘i);¢H2 - V0.9)

1/.9 . 0d
= <9%,¢%> ~V(6,9)
Recall that
g1 = <dg,dg>= 4sin*(¢/2),
812 = < 89,8¢ > = O/
g2» = < 8¢,8¢ >= 1.
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Equations of motion

T
3

Let the Lagrangian of the system be

L(6, ¢, 6, ¢) = Kinetic Energy — Potential Energy

- %Héaae +‘i);¢H2 - V(0. 9)

1/.0 . 0
= §<9%1¢%>—V(9/¢)

L(B, ¢, 0, ) = 20% sin®(¢/2) + %4;2 —-V(6,d)
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Equations of motion

T
3

Let the Lagrangian of the system be

L(6, ¢, 6, ¢) = Kinetic Energy — Potential Energy

- %Héaae +‘i);¢H2 - V(0. 9)

1/.0 . 0
= §<9%1¢%>—V(9/¢)

L(B, ¢, 0, ) = 20% sin®(¢/2) + %4)2 —-V(6,d)

Euler-Lagrange equations:
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Equations of motion

T
Let the Lagrangian of the system be

L(6, ¢, 6, ¢) = Kinetic Energy — Potential Energy

- %Héa&e +‘7580sz2 - V(0. 9)

1/.0 . 0
= §<9%f¢%>—‘7(9/¢)

L(B, ¢, 0, ) = 20% sin®(¢/2) + %q’;z —V(6,)

Euler-Lagrange equations:

0 + Opeot(¢p/2) + —csc2< /2 —v— —cscz /2)
Therefore the equations of motion: Peot(¢/2) ¢/2) (@/2)7

$ — 0% sin(¢) + — (]5 V = 14.

CBCIS = p. 34/4



Outline of the talk

e Anatomy of the eye v/

e Planer eye movements v/

e Three-dimensional eye movements : Geometry v/
e Eye as a simple mechanical control system v/

e Optimal control of the eye

e Conclusions and future directions
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Optimal control

T
3

Case I: Generalized torques, 74, 74
Let V(6, ¢) = sin®*(¢/2).

Equations of motion:

0 + O cot(¢p/2) = %Lcscz(qb/Z)T@

(ﬁ — 62 sin(¢) + % sin(¢) = To.
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Optimal control

T
3

Case I: Generalized torques, 74, 74
Let V(6, ¢) = sin®*(¢/2).

Equations of motion:

0 + O cot(¢p/2) = icscz(qb/Z)T@

q'ﬁ — 07 sin(¢) + % sin(¢) = To.

Let [21122/ 23, Z4]/ = [6/ 6./ (P/ (]5],/ then

— Z1 1 Z5 | 0 — 0 |
dl z —2p74c0t(23/2) 1c5¢%(23/2) 0
— = + Tp + qu
dt Z3 Z4 0 0
zy | | Zsin(zs) - 3sin(zs) || 0 1
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Optimal control

T
3

We wish to control the state (0, 9, o, qb) from (09,0, Po,0) to (01,0, ¢p1,0) in T unit of time, while
minimizing the control energy,

T
| e + eotor?] e

CBCIS = bp. 37/4



Optimal control

T
3

We wish to control the state (0, 9, o, qb) from (09,0, Po,0) to (01,0, ¢1,0) in T unit of time, while
minimizing the control energy,

T
| e + eotor?] e

Lagrangian:
L= 2 (e + (xp(0)?),

and denote the costate by A. Construct the Hamiltonian

H(z,A) = Az-L(z)

A1zo — Apzpz4 cot(z3/2) + Azzy + A4Z% sin(z3) — E/\4 sin(z3)

Ao
4sin’(z3/2)

To + chaTy + % ((ra(®)* + (14(H)?)
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Optimal control

s
o5
Hamilton’s principle:
i 9N , = 9N
5] apl / PZ - &ql V4
Wherepi:g—;i, i=1,...,n.
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Optimal control

Earm
;i.;;
Hamilton’s principle:
. ON oK
q = 3_191" pi = _5_6]1'
Wherepi:g—;i, i=1,...,n.
Hamiltonian system:
oz | ] 22
Z5 —2p2400(23/2) + 1/4sin*(z3/2)T},
Z3 Z4
d| zs |_ z2sin(z3) — 3sin(zs) + T,
dt | Aq 0
Ao —A1 + Apzgcot(z3/2) — 2A4zp51n(23)
A3 — 3 Aazoz4csc?(23/2) — Aazicoszz + 5 Aacos(z3) + 5 Aocot(zs)esc?(z3)T),
Ay ]| Aozpcot(z3/2) — As
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Optimal control

s
o5
Hamilton’s principle:
i O , = 9%t
q - apl / Pz - &ql 7
wherepi:%, i=1,...,n.

According to Pontryagin Maximum Principle (PMP), we can obtain:

4sin’(z3/2) ’
T‘P = —A4.

To =
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Optimal control

T
3

Hamilton’s principle:
_ K , = 9N
q apl / Pz &ql 7

wherepi:%, i=1,...,n.

According to Pontryagin Maximum Principle (PMP), we can obtain:

Ao
To = - - ’
4sin’(z3/2)
T o = —A4 .
Thus the system becomes
22
&l —29z4c0t(23/2) — % csct (z3/2)
Zn 24
z3 z%sin(23) - %sin(z:;) - Ay
R 0
41 —A1 + Apzgcot(z3/2) — 244z sin(z3)
42 (- % /\22224csc2 (z3/2) - A4z%cos(23)+
| ;\4 ] %/\4cos(23 /2) — % csct (z3/2)cot(z3/2))
AzZzCOt(Z:; /2) — /\3
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— dgidt

25 T
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Case II: Simplified muscles

Each musculotendon consist of a linear spring with spring constant k;, a damper with
damping constant b;, and an active force F;.

Projecting the torques to List
0 — 0400, — .
Virtual work by the spring: k;(l; — [;,)0l = k;(l; — lio)%dﬁ.
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Case II: Simplified muscles

Each musculotendon consist of a linear spring with spring constant k;, a damper with
damping constant b;, and an active force F;.

Projecting the torques to List
0 — 0400, — .
Virtual work by the spring: k;(l; — [;,)0l = k;(l; — lio)%dﬁ.

ol;
T = ki(l; —Zio)&_é-

i -811- I 8[1'
Alsonote, l; = 055 +qb%.
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Case II: Simplified muscles

Each musculotendon consist of a linear spring with spring constant k;, a damper with
damping constant b;, and an active force F;.

Projecting the torques to List
0 — 0400, — .
Virtual work by the spring: k;(l; — [;,)0l = k;(l; — lio)%de

ol:
To = ki(li - Zio)&_é-
Also note, [; = all + qb 3 CP'
Therefore for the damper: Fdamp = b; (9 ol + qb g—f;;)
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S

Case II: Simplified muscles

Each musculotendon consist of a linear spring with spring constant k;, a damper with

damping constant b;, and an active force F;.

Projecting the torques to List

0 — 0400, — .

Virtual work by the spring: k;(l; — [;,)0l = k;(l; — 10)8(9 do.

dl;
T9 = ki(l; — Zio)&_é-
Also note, ii all + gb 3 qZ)
Therefore for the damper: Fyg, = = b; (6 ohi | 0 g—g)
Then the torque with the active force F; with C; = k;(; — ;) + b; (6 ohi 0 3—23' ):
6 6
5 dl; 3 dl;
—;[Fi"'ci]% T¢—;[Fi+ci]a_
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The optimal control problem becomes one of minimizing

T 6
f Y Fdt.
0 %=1
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T 6
f Y Fat.
0 %=1

According to PMP as before, we can obtain

. Ay dl
! 4sin?(z3/2) 0O +

L
I
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The optimal control problem becomes one of minimizing

T 6
f Y Fat.
0 %=1

According to PMP as before, we can obtain

. Ar dl; dl;
F=—— — Ayt
! 4sin?(z3/2) 0O o)
0 —

Al

-20

—30H

0.2 I L L L L L L —40 I I I I I I I I I
0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Optimal path and muscle forces, from (1t/6, 1t/6) to (1t/10, 7t/10)
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Case III: Hill-type muscles

l tm

Hill-type musculotendon
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Case III: Hill-type muscles

Z Ftotal 0 9

To = Z Ftotal aQb

where
FZ

_ T i 17
total ~ F ( act T Fpe + Bmll)'
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L=

I[_!Jl
STE2

Case III: Hill-type muscles

Z Ftotal 86

o = Z Ftotal 8¢

where
Z
Ftotal

The problem beomes one of minimizing

f Z o]

= F, — (Fi; + F,, + B}, ly).
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05
Gl

Optimal path from (7t/5, 1/6) to (1t/10, 1t/10)
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0 0.02 0.04 0.06 0.08 0.1 0.12 0 0.02 0.04 0.06 0.08 0.1 0.12

Superior and inferior rectus muscle activities
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{(o) = Lb

b
= f \/ngll + 29(]5ng + gbzgzz dt
a

. d . d

= [ \J4sin(9/2)62 + 2 dt.
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Lengths of (Eye) Rotations

S

{(o) = fab

b
f \/ngll + 29q5g12 + (bzgzz dt
a

. d . d

= [ \J4sin(9/2)62 + 2 dt.

From To distance (radians)

(0, 9) (0,9) SO@3) | Geodesic | Min. energy
on List on List

&5 | (3 %) 0.219 0.222 0.324

&5 | G5 0.359 0.368 0.368

% %) | 1) 0.476 0.480 0.482

~

~
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Outline of the talk

e Anatomy of the eye v/

e Planer eye movements v/

e Three-dimensional eye movements : Geometry v/
e Eye as a simple mechanical control system v/

e Optimal control of the eye v/

e Conclusions and future directions
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Summary:
® [earning curves for planer saccadic eye movements.

® Geometry of List, the Listing rotations. As far as we are aware, this is the first
study of its kind.

® A dynamic model for the three-dimensional eye movements. Eye treated as a
“simple mechanical control system”.

® Optimal control stratergies for three-dimensional eye movements.
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Future directions:

® For fast eye movments (saccades), a better approach would be minimizing the
time instead of the control. But higher dimensionality of the control (six muscle
activities), makes it a harder problem. Simpler problem would be to solve the
minimum-time problem with the generalized torques 7g, 7.
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Future directions:

® For fast eye movments (saccades), a better approach would be minimizing the
time instead of the control. But higher dimensionality of the control (six muscle
activities), makes it a harder problem. Simpler problem would be to solve the
minimum-time problem with the generalized torques 7g, 7.

® Comparison with actual eye movement recordings. Three-dimensional case is
not very well looked at.

® Study of VOR with head movements and the smooth pursuit movement, to
understand the tracking problem.

® Many other types of human movements can be studied with a similar
geometric setting and as “simple mechanical control systems”.
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